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Metric Graphs
Γ = {V ,B, L}
Quantum Graph: Metric Graph + Differential Operator
T. Weyand Zeta Functions
Dirac Operator
D = −iα d
dxb
+ mβ
α and β are 4x4 matrices that satisfy α2 = β2 = I and αβ + βα = 0
Vertex Conditions: Aψ+ + Bψ− = 0
ψ+ = (ψ11(0), ψ
1












ψ− = (−ψ14(0), ψ13(0), . . . , ψB3 (0), ψ14(L1),−ψ13(L1), . . . , ψB4 (LB),−ψB3 (LB))T
The operator is self-adjoint if and only if A and B are 4B x 4B matrices that
satisfy
rank(A,B) = 4B and AB† = BA†.
[1] J. Bolte and J. M. Harrison, Spectral statistics for the Dirac operator on graphs, J. Phys. A:
Math. Gen. 36:2747 (2003).
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Solutions
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))
= 0
T. Weyand Zeta Functions
Spectral Zeta Function
Given the set of roots {. . . < k−2 < k−1 < k1 < k2 < . . .} of the secular










in the massless case.
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Rose Graph
T. Weyand Zeta Functions
Vertex Conditions
ubov
b(0) = ubt v
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T. Weyand Zeta Functions
Spectral Zeta Function
f (z) = z
B∑
b=1
























where C is any contour that encloses the zeros of f (while avoiding its poles).
[2] J. Harrison and K. Kirsten, Zeta functions of quantum graphs, J. Phys. A:
Math. Theor. 44 (2011).





The shaded circles are the zeros of f
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Spectral Zeta Function – Rose Graph
























ζl(s) = 0 if Re(s) > 0
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log f (ue iα) du

















cos θb − cos Lbe iαu
sin Lbe iαu
T. Weyand Zeta Functions
Spectral Zeta Function – Rose Graph
Theorem
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Spectral Zeta Function – General Graph Without Mass
Theorem
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where Re(s) < M and
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.
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c0 = f (0) 6= 0
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Spectral Zeta Function – General Graph With Mass
Given the set of roots {k1, k2, . . .} of the positive energy secular equation
and the set of roots {k̃1, k̃2, . . .} to the negative energy secular equation,





























= ζ+(s) + ζ−(s).
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General Graph With Mass
Positive Eigenvalues:
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The shaded circles are the zeros of f /g and the empty circles are the poles.
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Spectral Zeta Function – General Graph With Mass






































which converges for −1 < Re(s) < 1.
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Spectral Zeta Function – General Graph With Mass
Theorem


































where −1 < Re(s) < 1 and
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t2 −m2 + im
t
.
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Summary
We found a formulation of the spectral zeta function of the Dirac
operator using a contour integral technique.
In the case of zero mass, we analytically continued our expression to a
domain including s = 0 and calculated the zeta-regularized spectral
determinant.
We did this first for a rose graph without mass, and then for a general
graph with and without mass.
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